Introduction.
Let P be a nonnegative real-valued function on a metric space (X, d). Let A be subset of X. For any positive real number r, let P.{r) = inf{P(x): d{x, A) > r\ s\ -(inf 0= oo). Then Pa is a monotone nondecreasing function of (0, <*>) into [0, oo] . P is positive definite mod A if P^r) is positive for all r in (0, oo).
This notion of positive definiteness was recently introduced by J. Dugundji [A] . Let X x X be endowed with the metric D defined by D{{x, y), {x', y')) = d{x, x') + d{y, y'), x, y, x , y' £ X.
Let A(X) denote the diagonal of X x X. It was observed in [A] that a function P of X x X into [0, oo) is positive definite mod A(X) if and only if for any r > 0, there exists 8{r) > 0 such that d(x, y) < r whenever P(x, y) < 8(r).
For any function V of a set X into [0, oo), P will denote the function on X x X defined by Pv{x, y) = V{x) + Viy), x, y £ X.
The following result was obtained in [A] .
Theorem 1 (J. Dugundji). Ler (X, d) be a metric space. Then the following conditions are equivalent.
(a) X is complete. In order to obtain a fixed point for a function T of X into X, it is only natural to assume that V in Theorem 1 is the function on X such that V(x) = a\x, T(x)) fot all x in X. Then T has a fixed point. j.d{x, y) = max{d{x, T{x)), d{y, T(y))| if x, y £ X, x 4 y;
Td{x, x) = 0 if x £ X. Td{x, y) = dix, Tix)) + d{y, T{y)) if x, y £ X, x 4 y;
Tdix, x) = 0 if x £ X. for some x in A.
The following result is a partial converse to the above theorem. Since VA is monotone, it is straightforward to prove that V is positive definite mod A. Also, inf V(X) < inf V(B) = 0, i.e. V(X) = 0. However, V(x) > h(x) > 0 for all x in X, a contradiction to the hypothesis.
We owe Dugundji for his versions of the above results for metric spaces.
We would like to emphasize here that unlike the case when ll is induced by a metric for X, in Theorem 5, the phrase "A has the Bolzano-Weierstrass by some more general notions. Let (X, ll) be a uniform space. Let V be a function of X into X x X. lly will denote the uniformity for X with \{V~l{U) x V~ \U)) U A(X): U £ 111 as its filter base. Our further results are justified by the following proposition whose proof is straightforward.
Proposition. Lez" (X, d) be a metric space. Let X be endowed with the uniformity H induced by d. Let X x X be endowed with the product uniformity H x ll. Let T be a self map on X. Let V be the function on X defined by V(x) = (x, T(x)), x £ X. Let P be the map on X x X such that P{x, y) = d{x, T{x)) + d{y, T{y)), x, y £ X.
Then the following conditions are equivalent.
(a) P is positive definite mod A(X).
(b) T is a uniformly continuous function of (X, Td) into (X, d).
(c) H Clly. Theorem 8. Let (X, il) be a complete Hausdorff uniform space. Let T be a self map on X. Let V be a self map on X x X. Let VA be the function on X defined by VT{x) = V{x, T{x)), x £ X.
Suppose that (a) there exists a base ÍB of closed subsets of X x X for ll such that VZ (Ü) z's a nonempty closed subset of X for each U in ÍB;
(b) Ucllv .
T Then there exists a unique x in X such that V(x, T(x)) £ AfX). Hence if further V~ (A(X)) C A(X)) then T has a unique fixed point. '
The above result follows from Theorem 7. It generalizes our theorem in
[ll] (let V be the identity map on X x X) and therefore generalizes the No. 120 (1972) .
